The paper discusses the relationship between the eddy currents flowing inside a conducting material and the magnetic field outside. The particular problem of a current sheet carrying a sinusoidally distributed current parallel to a conducting magnetic slab is examined in detail. It is shown that this mathematical model is relevant to the calculation of eddy-current losses in many types of rotating machine.
The paper discusses the relationship between the eddy currents flowing inside a conducting material and the magnetic field outside. The particular problem of a current sheet carrying a sinusoidally distributed current parallel to a conducting magnetic slab is examined in detail. It is shown that this mathematical model is relevant to the calculation of eddy-current losses in many types of rotating machine.
The investigation shows that the eddy-current loss in any conducting surface can be simply related to the tangential component of the field at the surface, if the problem fulfils certain conditions. These conditions are set out in the paper.
As far as the calculation of the tangential field is concerned, it is shown that electromagnetic images (zero permeability) can be used to represent plane surfaces approximately for a surprisingly wide range of materials, even if these are magnetic. For more accurate representation, modified images are introduced. These may be difficult to formulate, but, where the analytical solution is known, modified images can shorten the labour of computation. Some experimental verification of the method of modified images is included in the paper. [A,. = relative permeability /A 3 = relative permeability of slab p = resistivity a> = angular frequency
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Introduction
The calculation of eddy currents continues to be a subject of vital interest to machine designers. Two reasons account for the importance of the subject: first, there are the losses-usually undesirable-caused by the eddy currents, and, secondly, there is the influence of the eddy currents on the magnetic field in their neighbourhood.
Calculation can be carried out either by numerical or by analytical methods or by a judicious blend of the two. In this paper, analysis predominates, and it may be worthwhile to give the reason for this choice.
Numerical methods have become extremely powerful because of the rapid increase in the size and speed of digital computers. In the numerical approach, the differential field equations are replaced by suitable finite-difference equations, and this opens the possibility of solving field systems containing nonlinear magnetic materials. Numerical methods have therefore, in this respect, an immense advantage over analytical methods. However, the only equation which has been investigated in any great detail is the elliptic equation, usually met as Laplace's equation in electrical engineering, and the solutions are thus confined to the study of quasistatic fields. Much work needs to be done to extend the method to time-varying situations such as arise in the study of eddy currents. Meanwhile, analytical solutions are often the only ones available for dealing with the urgent problems facing machine designers.
But analytical methods are not merely a stop-gap device until numerical methods are more highly developed. It is likely that numerical techniques will supplement, rather than supplant, analysis. Indeed, analysis may be set free to do what it can do extremely well, namely to give general guidance to the design engineer, who will rely on numerical methods for the particular numerical solutions he requires. This is the thought underlying this paper. Our purpose is to discuss the behaviour of eddy currents in fairly general terms, in order to lay bare principles which will be easy to understand and which, in their application, will shorten the labour of computation and make for rational design.
Outline of the problem
Although the interest of the designer centres in the two separate aspects of losses and magnetic fields, it is important to stress that these are not independent. Essentially, the problem involves the relationship between the magnetic field outside a conducting material and the eddy currents inside.
It is convenient to define two magnetic fields: (a) the total field due to the currents in the energising windings, the magnetisation of the magnetic materials and the eddy currents themselves (6) the applied field due to the currents in the energising windings and the magnetisation of the magnetic materials, but omitting the field of the eddy currents. It is the total field which satisfies the complete field equations and which is inextricably linked with the eddy currents. However, it is generally easier to calculate the applied field, and we must investigate the relationship between the applied and the total field. Some writers appear to confuse the two fields and to use the applied field in order to calculate the induced currents. In general, this gives the wrong answer, although the method can be used successfully in certain cases, which we shall seek to define.
The same question can be put another way by introducing the commonly used description of eddy currents as being resistance-limited or inductance-limited. To describe the behaviour as 'resistance-limited' implies one of two things: either the current paths are so restricted that the currents are vanishingly small, or the contribution of the currents to the external field is negligible compared with the contribution of the other sources. In other words, either the current or its external field is small, the first implying the second but not vice versa. The case of restricted eddy currents arises in laminated materials, but this paper deals mainly with eddy currents in a massive slab. We are, however, concerned with unrestricted eddy currents which produce negligible external magnetic field, because this raises the important possibility of assuming that the total field is the same as the applied field. It is of great importance to determine under what circumstances this drastic assumption can be used to obtain the eddy currents and the losses caused by them.
Inductance-limited behaviour occurs when the eddy currents are governed by their own magnetic field within the material in which they flow. This does not imply that the external magnetic field of the currents is dominant over the applied field. A clue to the relationship between applied and total field is given by the extreme case of eddy currents in a material of infinite conductivity. If the surface of the material is plane, it can be replaced by an image of the energising winding, 1 ' 2 -3 which is identical in its spatial distribution and carries a current of the same magnitude but opposite sense. Such a system of source and image currents gives twice the tangential component of field at the surface as does the source alone, and a zero normal component. Since it does not penetrate the surface of the material, the field can be calculated by assigning zero permeability to the material, and the electromagnetic image-is often described as a 'zero-permeability image'. In this extreme case, the magnitude of the total tangential field is twice that of the applied tangential field, and the total field is, therefore, very easily derived from the applied field. Unfortunately, the behaviour can only occur if the conductivity is infinite and the eddy-current losses are then zero. This suggests that the device of zero-permeability images is self-defeating in the calculation of eddy-current losses. However, this is a pessimistic conclusion. Clearly, the external tangential field of the eddy currents is not very sensitive to the actual value of the conductivity; it merely tends to the
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value of the applied field as the conductivity tends to infinity. Thus it might be hoped that the external field calculated on the assumption of infinite conductivity could be used to make a reasonable estimate of the actual eddy currents with finite conductivity. If this were possible, we should be able to assign numerical values to the otherwise merely qualitative description of the eddy currents as being inductance-limited.
3
Mathematical models
Choice of model
In order to gain insight into the problems raised in the previous Section, it is convenient to examine some special cases for which complete solutions can be derived. In Part 3 of this series, 3 we examined the particular system comprising a circular current loop with its plane parallel to the surface of a slab of magnetic and conducting material. It was found that the behaviour of the eddy currents in the slab could be analysed by the use of three nondimensional parameters. The first of these was the ratio of the distance of the coil from the slab to the coil radius, the second the relative permeability of the slab and the third the ratio of coil radius to skin depth. The first factor appeared in the calculations in terms of an exponential decay of eddy current. The effect of the second and third parameters was more complicated, but if the second was dominant the eddy-current behaviour became resistance-limited, whereas dominance of the third parameter led to inductance-limited behaviour. The solutions were in the form of infinite integrals containing Bessel and exponential functions, which could be evaluated by a digital computer, and, by this means, the problem was completely elucidated.
Our purpose in this paper is slightly different. We do not seek to concentrate attention on the interaction of the energising current with the eddy current, but our chief interest lies in the behaviour of the total and the applied magnetic fields as the parameters are changed. For the purpose of such an examination, the form of the solution involving integrals containing Bessel functions is too cumbersome. Moreover, the evaluation of the integrals reveals that the integrand is near zero over much of the integration, and the integral could be replaced by a rapidly converging series of harmonics. It is, therefore, convenient to choose, as a mathematical model, the case of a current sheet parallel to a conducting slab, as illustrated in Fig. 1 . The current varies sinusoidally in both space and time and can be described by the expression
where K z is the line density of current in amperes per metre, OJ is the angular frequency, and l-rrfq is the wavelength of the spatial current variation. Thus the pole pitch g of the current sheet is rr/q. Between the planes y = y 2 and y = y$ lies a conducting and magnetic region (region 3 in Fig. 1 ) defined by its resistivity p and relative permeability JU, 3 .
It will be noticed that the three nondimensional parameters of the previous problem are retained, with the slight modification that the pole pitch of the current sheet replaces the radius of the circular coil. A fourth parameter is introduced, because the conducting and magnetic slab has a finite thickness y 2 -y^ This enables us to discuss under what conditions we may regard the slab as infinitely thick.
The co-ordinate system of Fig. 1 is rectangular, and we shall therefore avoid Bessel functions. Moreover, the choice of a current sheet which is harmonic in space results in magnetic fields and eddy currents which are also simply harmonic. Thus, instead of an infinite integral, we have a solution containing only a single term. If it is objected that the energising current in a practical case would be carried in conductors and not in a current sheet, it can be answered that any arbitrary distribution of current can be synthetised from current sheets by the use of Fourier's theorem. The solution for a single current sheet is thus the general solution. In a slightly different context, our problem has already been discussed by Mukherji, 4 whose valuable contribution we acknowledge gratefully.
3.2
Solution of the problem of Fig. 1 We define a vector potential A by the equations
] 4 w so that current sheet plate
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The successive positive-and negative-current portions of the source current cause the field to decay at a distance. The field must be zero at ±oo, and this means that C x and £> 4 are zero. Thus there are six coefficients to be found from the six boundary equations.
In practice the solution can be simplified if the vector potential produced by the current sheet, or by any current source in a two-dimensional problem, is known. It is then possible to deduce the form of the contribution to the potential made by the slab, and the total number of coefficients is reduced from six to four. This solution is worked out in detail in Appendix 9.1. The most important results are the magnetic field components in the region between the current sheet and the slab, and inside the slab itself. .
Hy2=j\-£>
The eddy-current density in the plate is 
Current sheet parallel to conducting slab
The current flows in the zdirection only, and therefore A z is the only component of the vector potential, and the suffix can be omitted. Moreover, there is no variation in the zdirection, and the problem is two-dimensional. Thus eqn. 4 reduces to the form (5) Since the source current is varying sinusoidally in time, it is convenient to use complex field vectors. For example, A = Re (Ae'' w ')> where A is the complex vector component. For simplicity, let the complex vector be written simply as A. Since the variation of the current sheet is sinusoidal in the redirection, the vector potential must vary similarly. Making use of this fact and introducing the expression for skin depth 8 = \/(2p/aj[jLoiJL r ), we can write eqn. 5 as C h Dj and y t are constants, and the suffix / refers to one of the four regions of Fig. 1 . The coefficients C,-and D t can be obtained by using the boundary conditions (8) A i+l = A, J 
3.3
Current sheet parallel to a semi-infinite slab It is easy to modify the solution to obtain that for a semi-infinite slab by letting y 2 tend to -oo. The coefficients now become
where
The field components and the eddy currents can now be obtained by substituting these coefficients in eqns. 9-13.
The field between the current sheet and the surface of the slab is described by the vector potential.
The first item in the curly brackets is the contribution of the current sheet by itself, and the second part is that of the slab. It is interesting to observe the behaviour of the second term, which is governed by the two dimensionless parameters fj>2 and p.
When jit 3 is dominant, eqn. 17 becomes 2085 The behaviour of the slab is resistance-limited, and the slab can be replaced by a magnetostatic image of the current sheet which assumes the slab to have infinite permeability. When p is dominant, eqn. 17 becomes e -g(y-yi)\ e -jqx (19) The behaviour of the slab is inductance-limited, and the slab can be replaced by an electromagnetic image of the current sheet, which assumes the slab to have infinite conductivity or zero permeability. It should be noted that the criterion which decides between these types of behaviour involves the ratio of [x 3 to p and not the absolute value of these quantities. The range of application of the two types of solution is much wider than is suggested by the terms infinite permeability and zero permeability. Let us examine this numerically with the simplifying assumption that p 2 > 1; i.e. the pole pitch is very much greater than the skin depth. The expression under consideration is
2 )
Let the modulus of this expression be |a| and its phase angle be 6. Some typical values are given in Table 1 . Table 1 v The minimum value for |a| occurs when /x 3 /p = 1.
These calculations are based on the assumption that the external field is described by eqn. 17, and this means that the slab is infinitely thick. Consideration of eqns. 9 and 10 shows that, as far as the field in region 2 is concerned, the criterion which makes it possible to regard the slab as infinitely thick is the criterion which makes the coefficient D 2 of eqn. 43 approximate to eqn. 14. Let y 2 -y 3 -d\ then eqn. 43 tends to eqn. 14 if It will be recalled that the pole pitch of the exciting current is -n\q, and we shall denote this by g. The sufficient condition for the inequality 21 is that qd~> 1, which means that d > g\-n. Thus, if the slab has a thickness of at least 1/TT times the pole pitch, the external field is the same as if the slab were infinitely thick. This equality of the fields, although not of course the value of the fields, is independent of the eddy currents and is true even when p is zero, which means that the resistivity is infinite. The behaviour is dominated by the fourth nondimensional parameter mentioned in Section 3.1. The succession of north and south polarity in the energising winding confines the field in the slab to a surface layer and can be described as a fringing effect.
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The condition qd > 1 is sufficient but not necessary. If the parameter p is appreciable, the thickness of the slab need not be so large. Thus, to the outside world, the slab appears to be infinitely thick, if its thickness is greater than the skin depth. Like the previous result (d > gin), the inequality 22 could have been guessed intuitively. It is a great help to have these guesses confirmed by analysis. It is worthwhile to investigate numerically the condition p 2 > 1 which enables us to arrive at expression 22. This is done in Table 2 , which is based on a 50c/s magnetisation and a relative permeability [M 3 = 1 for the slab. The skin depth 8 has also been calculated and so has the ratio g\-n. The table Shows that, for all cases at a resistivity of 10~7Qm, the skin depth 8 is smaller than the ratio glir. Hence the slab need only be thicker than 8 in order to appear infinitely thick. With the larger resistivity of 10~6Qm and a pole pitch of 0-lm or 0-2m the ratio gjir is smaller than the skin depth. In these two cases, the slab need only be thicker than g/n.
The criterion which decides whether the slab is effectively infinitely thick was calculated with reference to eqns. 9 and 10, which describe the external magnetic field. It is important to realise that the criterion could also have been based on a consideration of the eddy-current loss. The reason for this is that the loss is fed into the slab from the outside, and the outside field determines the loss. The calculated losses in a semi-infinite slab will, therefore, correctly predict the losses in a slab of finite thickness, as long as the thickness criterion is observed. This knowledge greatly simplifies the problem of the finite slab.
The eddy-current loss per unit surface area of slab is given by P e = -i Re (E Z H*), where the field components are those on the surface of the slab.
Using eqns. 11, 13, 15 and 16, 
Eqns. 25-27 throw a great deal of light on the problem of eddy-current losses. In eqn. 25, the ratio of pole pitch to skin depth is small, and the skin effect is therefore negligible. In this case, the losses vary as g 3 tu 2 lp and are almost independent of permeability. To minimise such losses, we need a material of high resistivity. In eqn. 26 the skin effect is appreciable, but the effect of the permeability is even stronger. In this case, the losses vary asg 2 (jo 3l2 lp ll2 (j. il2 , thus increasing the resistivity, and the permeability reduces the losses. In eqn. 27 the skin effect dominates entirely, and the losses vary as (copfj.) 112 . Thus the losses are independent of the pole pitch, and the material should have low resistivity in order to reduce the losses.
Perhaps a fourth type of behaviour should be mentioned. This occurs in laminated materials to which is applied a tangential magnetic field of constant amplitude. The losses then vary as u) 2 fx 2 lp. The derivation of the formula for these losses is given in most elementary textbooks.
Care must be taken in using the terms inductance-limited and resistance-limited in describing these four types of losses. Clearly two terms are insufficient to describe four different modes. It seems best to define the behaviour of eqn. 27 as inductance-limited and to draw attention to the possibility of different types of resistance-limited behaviour. The magnetostatic image of eqn. 18 corresponds to eqn. 25.
In an electrical machine, the pole pitch and the frequency are fixed, but it may be possible to change the resistivity and permeability of the material used. One such example occurs in the stator clamping plates. Fig. 2 gives curves of P e against permeability for values of resistivity between 10~7Qm and 5 x 10~7Qm. K z e~q b has been taken as lOOOA/m and q as 2. Another way of writing the loss is in terms of the magnetic field on the surface of the slab. This will be of particular interest when we come to discuss the calculation of eddy currents in terms of approximate magnetic fields.
The tangential magnetic field at the surface of the slab is related to the eddy current by the eqns. 11 and 13, so that
and, if p 2 > 1,
where \H t \ is the maximum value of the tangential field at the surface. Note that the pole pitch does not appear in eqn. 28, except in so far as it affects \H,\. This will be advantageous in more complicated problems.
3.4
Current filament parallel to a semi-infinite slab
The solution for a sinusoidal current sheet can be readily extended to deal with nonsinusoidal distributions of current by the use of Fourier series. To obtain the contribution of a given nth harmonic, it is merely necessary to replace ft 2 by R zn and q by nq. R zn is determined by analysing the current distribution K z . For example, if K z contains odd harmonics only and has its maximum at x -0, we can write
A single current filament can be represented by a current sheet with zero surface-current density everywhere except for a single spatial pulse of current. Such a distribution is nonperiodic, and its solution would normally involve a Fourier integral. But, in practice, the local field close to the line current will be described correctly if we replace the single current by an infinite succession of line filaments carrying which may be satisfied if the high-order spatial harmonics are negligible.
Relevance of the mathematical model to rotating machines
Although the chief purpose of this paper is to investigate the relationship between the magnetic field and the eddy currents, it may be useful to mention briefly a few examples of rotating machines to which the mathematical results of Section 3 can be applied.
Design of the rotor of a drag-cup induction motor
In a drag-cup induction motor the inertia of the rotor is reduced by separating the conducting element from the iron core. The core itself is stationary, and only the conductor rotates. The conductor is generally made in the form of a hollow cylinder. In order that the iron core should be effective in strengthening the magnetic field, it is important that the conducting cylinder should be thin, as defined by eqn. 21. The motor will run at various frequencies depending on the slip, but let us require the core to be effective at 50c/s. Further, suppose that the pole pitch of the stator is g = 2cm, and that the rotor conducting element is made of copper. The eddy-current skin depth is thus 8 = 0-71 cm, and the parameter p is 1 -27. With such a value of p, the fringing effect rather than the eddy-current screening is dominant, and so the thickness of the rotor cylinder must be small compared with glir = 0-64cm. Thus a rotor thickness of not more than l/4cm is indicated.
This result is only an approximate guide, and a full solution could be obtained by an analysis similar to that of the plate of Section 3.2. Referring to Fig. 1 , which now represents a cross-section of the developed machine, region 1 is the stator core of relative permeability /x,,, region 2 is the air gap, region 3 is the rotor conductor, and region 4 represents the rotor core of relative permeability /x 4 . Unless the added sophistication of an air gap between the conductor and the rotor core is introduced, the number of unknown coefficients in the solution will be the same as before. The only complication will be the additional permeabilities.
The choice of material for the rotor is governed by the losses in the rotor. The behaviour will be similar to that illustrated in eqn. 25. A low-resistivity material will increase the losses and therefore the torque. Thus copper is the natural choice. 2088
The losses in stator end plates are troublesome in causing local heating as well as reducing the efficiency. It is interesting to discuss with reference to Section 3.3 the choice of a suitable material to reduce these losses. The surface of the end plates is subjected to a rotating field, which is sinusoidal in the peripheral direction and decays with distance from the winding. Suppose that the effective pole pitch is g = 2m, and the frequency / is 50c/s. Possible values for a magnetic steel end plate are p = 10~7Qm, //.,. = 100. Then 8 = 0-225 cm and p = 400. The losses are given by eqn. 24. The benefit to be gained by using nonmagnetic steel is marginal, but there is no question about the use of copper plates to cover the core ends. In passing, it should be noted that, in all these examples, p 1 > \, and the use of eqn. 25 would be inappropriate and would lead to enormously high loss figures. Tt is shown in Section 4.2 that eqn. 25 implies that eddy currents are governed by the applied magnetic field, and this is an unjustified assumption.
Design of the stator end region of a salient-pole machine
Assume a pole pitch of 20cm and a frequency of 50c/s. For magnetic steel, the loss will be P e = 0-206 x 10-5 (£ r e-^) 2 For nonmagnetic steel, it will be P e = 0-257 x \0-5 ( z Ke-« b ) 2 and for copper it will be P e = 0 063 x 10-5 (£ 2 e-^) 2 Thus the losses have the ratios magnetic steel : nonmagnetic steel : copper 1 :
It is seen that the reduction in pole pitch in a salient-pole machine reduces the loss below that experienced with turboalternators. The use of copper is still beneficial, although the reduction in loss is not so dramatic as in the turboalternator. The figure for the nonmagnetic steel is slightly suspect, because p is only 1 • 27 and so does not fulfil the condition p 2 > 1.
Calculation of eddy-current losses in a solid cylindrical rotor due to the stator slotting
The stator slot configuration creates a disturbance of the flux-density waveform in the air gap which is known as tooth ripple. This ripple, stationary with respect to the stator, sweeps across the surface of the rotor and sets up eddy currents. The fundamental component of the inducing field will have a wavelength equal to the stator slot pitch. Suppose that the slot pitch is 4cm, and the rotor has resistivity PROC. IEE, Vol. 112, No. 11, NOVEMBER 1965 p = 10~7Qm and relative permeability /x 3 = 100. Then 8 = 0 0 2 9 c m a n d p = 31.
Since p 2 is much greater than unity, eqn. 24 can be used to compute the eddy-current loss per unit surface area. In this example the flux ripple is caused by the stator slots and not by a current distribution. Freeman 6 has calculated the applied normal field B' n at the rotor surface for various slot and gap dimensions with the assumption that the iron is highly permeable. In order to enable the reader to apply Freeman's results to the calculation of loss, we shall rewrite eqn. 24 in terms of B' n instead of K z .
By putting p = 0 in eqns. 10 and 14, we find that K. z e~q b is equivalent to
\K\
Making this substitution in eqn. 24, we have pqp\ix, + I) 2 In this expression, B' n is the applied field, which does not include the field of the eddy currents. In general, it is not possible to calculate the eddy currents without a knowledge of the total magnetic field, since this gives the correct boundary conditions. In the simple case discussed here, there is an explicit relationship between the total and the applied field, and the loss formula can be written in terms of either. We have chosen to write the loss in terms of the applied field, in order to use Freeman's results. In more complicated problems, the relationship between the applied and total fields needs careful investigation, and the next Section is devoted to this.
Determination of eddy currents from approximate fields
In order to calculate the eddy currents from the magnetic field, we need to know the total field including the contribution to the field made by the unknown eddy currents. Where the configuration is as simple as that discussed in the previous Section, a complete solution can be obtained. In general, however, only the applied field will be known, and the total field will have to be guessed at. In this Section, we shall discuss with reference to our mathematical model some principles which can guide our guesswork.
Dominant influence of the tangential field
From eqn. 13 we see that the eddy-current density in the slab is composed of two terms, and eqns. 11 and 12 enable us to examine their relative magnitude. Thus as long as p 2 $> 1. Thus the ratio is very much greater than unity in all cases in which the skin effect is appreciable. From this, we can anticipate that, because of the skin effect, the eddy currents and associated losses are predominantly one-dimensional and depend upon the rate of change with depth of the field tangential to the surface.
Consideration of eqn. 28 leads to a similar conclusion. If we can arrive at an approximate value of the surface tangential magnetic field H,, we shall be able to predict both the eddy currents and the losses. Of course, in the simple example of Section 3, \H,\ is the same all over the surface of the slab, and, in a more complicated problem, this would not be so. Nevertheless, the one-dimensional nature of the loss suggests PROC. IEE, Vol. 112, No. 11, NOVEMBER 1965 that, if the distribution of \H t \ is known, even if only approximately, the total loss can be obtained from eqn. 28 by integrating over the surface. Hence, in cases where an exact solution of the field equations is not feasible, it is of great interest to investigate approximate methods of deriving \H,\.
Calculation based on the applied magnetic field
The applied field for the mathematical model discussed in this paper can be derived by replacing y 3 by q in eqns. 9-12. This applied field can be used to calculate an approximate eddy-current distribution ignoring the field of this current.
+ 1 r
if the slab can be regarded as being semi-infinite.
The loss cannot now be calculated by means of a surface integral, because our assumption has ignored the reaction of the eddy currents on the external field. The surface-integral calculation would give zero loss, because the loss depends on the interaction of the region in which energy is being dissipated with the region that supplies the energy.
However, we can obtain the approximate loss by means of
as in eqn. 25, which was based on the assumption p 2 <^ 1. In many practical cases, the assumption p 2 ^ 1 is unjustified. It is important to know the magnitude of the error made if we use this assumption in cases where p 2 > 1. The ratio of the losses is given by the ratio of eqn. 25 to eqn. 24:
(32) Table 3 gives some numerical values for this loss ratio for p = 6-3 (e.g. q = 10, 8 = 00225). The approximate expression P is extremely pessimistic but becomes less so as the permeability /x 3 increases relative to the skin-effect parameter p. This is to be expected, because the behaviour then becomes more and more magnetostatic. The trouble behind the inaccuracy of the method lies in the fact that, although the field decays inside the slab, there is no skin effect as such, because we have ignored the field of the eddy currents. In any calculations in which the magnetic material can be regarded as infinitely thick, the value of the loss derived from the applied field alone is grossly inaccurate. This important conclusion deserves to be widely known.
The applied-field method can, however, be useful in the calculation of losses in thin plates in which Re{qd^(l + JP 2 )} < 1 • The analysis of this case can be carried out by the method used in this paper. It is omitted, in order to shorten the paper. 
4.3
Calculation based on a modified applied field In Section 4.2 it was pointed out that the use of the applied field ignores the reaction of the eddy currents on the field. This suggests that it should be possible to improve the method by modifying the applied field to embody the reaction. We have in mind a method of successive approximation which will derive the total field from the applied field. Such a method is likely to be cumbersome unless there is rapid convergence of the solution. In cases of strong eddy-current effect, rapid convergence is unlikely for the same reason that makes the expression of eqn. 32 so very misleading. Nevertheless the method has intrinsic value, because it throws light on the mechanism of energy transfer.
The equations of electromagnetism are, in general, embodied in a bilateral relationship between time-varying electric and magnetic fields. A static field system, on the other hand, exhibits unidirectional coupling: the magnetic field depends only on the current and, via Ohm's law, on the time-invariable electric field. For this reason, static problems are relatively easy to solve.
A successive-approximation method can be established, in which the bilateral coupling is replaced by an infinite series of unidirectional couplings similar to the simple static-field coupling. 7 First the static-field components H o and E o are obtained by ignoring the time variation. These zero-order components are then allowed to vary with time, and their known time derivatives are used to obtain first-order correction terms H { and E x . This process continues until the correction terms are negligible, and the total magnetic field, for example, is given by
The method is briefly illustrated in Appendix 9.2. The power loss in the slab can be calculated from the expression -\ Re {E Z H*) by substituting the series expressions for the field components. The loss density also becomes a series
where (omitting the z suffix)
/>,= -* Re (Etftf, + £ , #
E o is zero, and the other components can be obtained from Appendix 9.2. As expected, the product E { H* Q has no real component, because H x0 ignores the eddy-current reaction. Thus, terminating the series after three terms, we have
. . . (35) This expression is the same as that in eqn. 32, so that P' = P. Thus eqn. 33 shows how far the method of successive approximations must be taken to calculate the first-order eddy-current loss. The first-order eddy currents modify both the magnetic and the electric fields by one order, and the power loss is the sum of the products of modified and unmodified field components. However , Table 3 has shown that this approximation is insufficient. Clearly, many more terms will be needed if the 2090 method of successive approximations is to yield accurate results for the losses in a thick slab. The labour involved suggests that the method is interesting but impracticable unless it is part of a numerical computer program.
4.4
Calculation based on the total field The previous two sections have shown that the eddy current in a thick slab cannot be calculated by means of the applied field. We shall therefore need to use some estimate of the total field. To arrive at such an estimate in a problem in which a solution to the field equations is not possible, we shall need some simplifying assumptions about the eddy currents.
As far as the external field is concerned, let us assume that the slab in Fig. 1 is very highly conducting. In this case H, is approximately equal to K 2 e~q b and the slab can be replaced by an electromagnetic (zero-permeability) image of the current sheet. If the loss P is calculated on this basis, from eqns. 24 and 28, 
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We are now in a position to define what we mean by saying that the slab is highly conducting. The condition must be such as to enable the loss to be predicted on the assumption that the slab is infinitely conducting or magnetically impermeable. Table 4 shows that, for an accuracy within l$%, this condition is obtained if /z 3 //? = 0 0 1 . If an accuracy of 15% is tolerable, /x 3 /p can be as high as 0-1. Table 5 is compiled for fjL 3 fp = 0 1 and a frequency of 50c/s. It shows the minimum pole pitch at which a slab may be considered highly conducting. In large machines, such as turboalternators, this condition will occur with nonmagnetic materials even when these have a high resistivity. With smaller machines, the resistivity must be lower. For an ordinary magnetic steel of p = 10~7Qm, the condition holds for large machines if the steel is saturated. With unsaturated steel, the pole pitch becomes impossibly large, unless one is prepared to sacrifice accuracy in the calculation of the losses.
Clearly, each case must be treated on its merits, but, over a considerable range, the losses can be based upon a surface PROC. IEE, Vol. 112, No. 11, NOVEMBER 1965 tangential field obtained by replacing the surface by the electromagnetic image of the current source. If the geometry is too difficult for the method of images, the surface can be regarded as impermeable in any mathematical solution of the field. However, a word of caution is needed. Although the losses can be predicted more or less accurately in this manner, it does not necessarily follow that the magnetic field will be represented with sufficient accuracy. This problem is examined in the next Section.
Another question that arises can be stated as follows. Since an electromagnetic image can be used successfully where \i^\p is small, may it not be possible to use a magnetostatic image when the permeability dominates the eddy current effect and /x 3 //? is large? The answer is that this method is not possible. A magnetostatic image ignores the eddy currents and predicts zero loss; its only use is in the prediction of the applied field. The problem of obtaining the approximate total field near a highly permeable surface is very difficult. The reason for the difficulty lies in the dependence of the eddy current on the tangential magnetic field, which tends to zero as the permeability increases.
4.5
Modified-image method of obtaining the total field
Since the method of images simplifies calculation and since Section 4.4 shows it to be applicable to certain eddycurrent problems, it is useful to investigate the possibility of extending the range of application.
In the problem of where j8 = n 3 /p the ratio of magnetostatic to electromagnetic effect or, in other words, the ratio of resistance to inductance effect. In Section 4.4, it was shown that, in the calculation of losses, we could postulate an electromagnetic image and thus put a = -1 in eqn. 17 as long as jS < 0-1 (say). With this value of j8 the correct value of a is given by eqn. 37 as a = -0 - 8 6 -yO-123 Thus, although the losses are correct, the field itself will be inaccurately predicted by a = -1.
In fact we really have two images given by the real and imaginary parts of eqn. 37. They simply implies that the field of the second image is in quadrature with that of the first. Both image currents occupy the same position, as far behind the surface of the slab as the current sheet is in front. We shall call the two images together the 'modified image'.
Unfortunately, this procedure may not be as simple as it at first appears. In the example of Fig. 1 , jS(= /x 3 /p) is a known quantity (if the permeability /z 3 can be estimated) derived from a known solution. However, for the modified image method to be effective, it must be applicable to PROC. IEE, Vol. 112, No. 11, NOVEMBER 1965 problems whose exact solutions are either difficult or impossible. In such cases, j8 may be a variable or unknown.
Consider, for example, the more complicated problem of the current loop facing a metal slab, introduced in Part 3 of this series. 3 In that paper (eqn. 1) the vector potential of a current loop of radius a is given, with its centre at the origin, facing a semi-infinite slab at z = b, i.e.
where p 2 is now 2a 2 /S 2 . Comparison with the vector potential of the current sheet discussed in this paper (eqn. 17) shows that the corresponding expression for a is now Thus, if k is assumed to be constant at its dominant value as far as the coefficient a is concerned, the latter is also constant and has the same form as eqn. 37
The possibility of replacing the slab by a modified image has therefore been achieved in an example where there was apparently no image because of the complexity of the solution. It will be noticed, however, that, in order to do this, we have had to make use of the exact solution to the problem, although this solution did not have to be evaluated numerically. In problems where the exact solution is not available, j3 must be postulated with the aid of a simpler example. Another serious problem is that /x r for a magnetic material has also to be postulated. But, in spite of these considerable difficulties, the method using a modified image is promising, because it gives physical insight into many intractable problems.
Experimental and numerical investigations
The results of the preceding Section for the modified image of a current loop in a semi-infinite slab were verified by experiment. The coil was made up of three turns of copper tube, which could be water-cooled. Search coils were used to measured radial and axial components of the field on various between the plate and the coil, these directions being taken with respect to the axis of the coil.
In the first test, a nonmagnetic (brass) slab was used. The measured radial and axial components of the field on various horizontal planes between the plate and the coil are shown in Fig. 3 together with some calculated curves which were deduced as follows:
With a skin depth of 2cm and a coil of radius 12cm the constant jS is 0 177, so that jS 2 terms can be neglected in eqn. 37 and
As a further approximation, the imaginary component can be neglected, and the slab can be replaced by an image of the coil, carrying a peak current of 0-8/, whose positive direction is opposite to that of the coil. The field components In the second test, mild steel was used instead of brass. Fig. 4 gives the field components close to the surface of the plate, and Fig. 5 shows the surface eddy-current density for various coil positions, measured by probes embedded in the surface. It will be noticed that the radial component of the tangential magnetic field has the same form as the surface current density, as might be expected from the discussion in Section 4.1. 2092
The unknown permeability presents an additional problem in the theoretical solution. For unsaturated conditions jS 2 P 1, so that eqn. 37 becomes (39) Calculations were attempted with several relative permeabilities, and two cases are shown in Fig. 4 . The value (x r = 300 gives a good approximation to the measured curves. 
Conclusions
In this paper, we have examined the eddy currents induced in a slab by the current sheet parallel to the surface of the slab. This examination enables us to arrive at conclusions about the behaviour of eddy currents in more complicated systems.
Thickness of slab
The slab can be regarded as infinitely thick, if the thickness is greater than the skin depth of the eddy currents.
The slab can also be regarded as infinitely thick, if its thickness is greater than 1/TT times the pole pitch of the energising current.
If neither of these conditions is satisfied, the slab may be regarded as thin. In a thin slab, the magnetic field of the eddy currents can be neglected in comparison with the applied field.
6.2
Influence of permeability of the slab and of skin depth of the slab on the external magnetic field
The eddy currents in a thick slab are governed by the nondimensional parameters /x 3 and p, where /u, 3 is the relative permeability of the slab and p is V 2 / 77 times the ratio of the pole pitch to skin depth. The effect of these parameters can be illustrated by considering the magnetic field outside the slab.
If fx 3 <^ p, the contribution of the eddy currents to the magnetic field is as if the slab were replaced by an electromagnetic image of the energising current. The magnitude of the field is the same as that due to the energising current, and the phase angle is approximately 180°. For greater accuracy, a modified image may be used.
If p 2 <^ 1, the effect is that of a magnetostatic image of the energising current. The magnitude is again the same, but the image current is in phase with the energising current.
If fx 3 = p the magnitude of the external magnetic field due to the eddy currents is approximately halved, and there is a 90° phase difference between this field and that of the energising current.
Eddy-current losses
For a thick slab, the eddy current losses are given by eqns. 25-27. The total loss can be obtained by integrating over the surface. This can be done numerically, and an analytical solution is not required.
The magnetic field H t depends both on the energising current and on the eddy currents. With thick slabs it is not permissible to ignore the contribution of the eddy currents. The losses obtained using the applied field only are very much larger than the actual losses.
If the surface is plane, the total tangential field H, can be obtained by the method of electromagnetic images as long as fi 3 <^ p. A more accurate value of H, can be obtained by the use of a modified image consisting of an inphase and a quadrature component. PROC. IEE, Vol. 112, No. 11, NOVEMBER 1965 If the surface is not a plane, the image method is not readily applicable, but the surface can still be taken as impermeable in the calculation of the magnetic field.
Effect of space harmonics
By means of Fourier's theorem the solution for a current sheet can be used to synthetise the solution for currents flowing in discrete conductors. The individual terms of the Fourier series will have different values for p, which will decrease as the order of the harmonic increases and its pole pitch decreases. Since the method of calculation used in this paper depends on the relative magnitude of JU. , . and p, care must be taken in estimating the losses caused by space harmonics in the flux distribution.
7
Application of the boundary conditions of eqn. 8 to the surfaces y = y 2 and y = y 3 
where b = y x -y 2 a n d d = y 2 -y 3
The magnetic-field components are related to the vector potential by the expressions The solution of the zero-order magnetic field (k = 0) is For the purpose of the approximate solution of eqn. 33, the same as that of the magnetostatic case and can be taken these terms are sufficient.
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